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Abstract
It is known from [M. Auslander, M.I. Platzeck, I. Reiten, Coxeter functors without diagrams, Trans. Amer. Math. Soc.
250 (1979) 1–46] and [C.M. Ringel, PBW-basis of quantum groups, J. Reine Angew. Math. 470 (1996) 51–85] that the
Bernstein–Gelfand–Ponomarev reflection functors are special cases of tilting functors and these reflection functors induce
isomorphisms between certain subalgebras of Ringel–Hall algebras. In [A. Wufu, Tilting functors and Ringel–Hall algebras,
Comm. Algebra 33 (1) (2005) 343–348] the result from [C.M. Ringel, PBW-basis of quantum groups, J. Reine Angew. Math.
470 (1996) 51–85] is generalized to the tilting module case by giving an isomorphism between two Ringel–Hall subalgebras. In
[J. Miyashita, Tilting Modules of Finite Projective Dimension, Math. Z. 193 (1986) 113–146] Miyashita generalized the tilting
theory by introducing the tilting modules of finite projective dimension. In this paper the result in [A. Wufu, Tilting functors and
Ringel–Hall algebras, Comm. Algebra 33 (1) (2005) 343–348] is generalized to the tilting modules of finite projective dimension.
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1. Introduction
Let k be a finite field and A be a finite dimensional associative k-algebra with identity and with finite global
dimension. By mod A we denote the category of finite dimensional left A-modules.
Let AT be a left tilting A-module of projective dimension r and B denote the endomorphism algebra of AT . Then
we have equivalences ExtmA(AT ,−) and TorBm(TB,−) between the subcategories
K Em(AT ) = {AM ∈ mod A|ExtiA(AT , AM) = 0 if 0 ≤ i ≤ r + m and i 6= m}
and
KTm(TB) = {BN ∈ mod B|TorBi (TB, BN ) = 0 if 0 ≤ i ≤ m + r and i 6= m}.
These functors are called generalized tilting functors.
Further, let H(A) and H(B) be the so-called Ringel–Hall algebras of A and B, respectively, introduced by Ringel
[4], and H(K Em(AT )) and H(KTm(TB)) be the subalgebras of H(A) and H(B) corresponding to the subcategories
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defined above. In [5], Ringel shows that the Bernstein–Gelfand–Ponomarev reflection functors induce isomorphisms
between certain subalgebras of Ringel–Hall algebras and this result was generalized to the tilting functor case in [2].
The aim of this paper is to generalize the result in [2] to the generalized tilting functor case. The main result of the
paper is the following.
Theorem 1. The equivalence ExtiA(AT ,−) between the two subcategories K Em(AT ) and KTm(TB) induces an
isomorphism between the two subalgebrasH(K Em(AT )) and H(KTm(TB)).
2. Preliminaries
For a left A-module AT , we say that AT satisfies (P)r if there is a projective resolution of AT ,
0 → Pr → Pr−1 → · · · → P0 → T → 0.
We call this sequence a (P)r -sequence of AT . We say that AT satisfies (G)r if there is an exact sequence of AT ,
0 → A → T0 →→ T1 · · · → Tr → 0
such that each Ti lies in add(AT ), where add(AT ) is the full subcategory of all direct summands of finite direct sums
of copies of AT . We call this sequence a (G)r -sequence of AT . We say that AT satisfies (E)r if
ExtiA(T, T ) = 0 (i = 1, 2, . . . , r).
Evidently, AT satisfies (P)1, (G)1 and (E)1 if and only if AT is a tilting module in the ordinary sense. We have the
following theorem (see [3])
Theorem 2.1. Assume that AT satisfies (P)r , (G)r , (E)r , and put End(AT ) = B. Then TB satisfies (P)r , (G)r , (E)r ,
and A ˜−→End(TB), a 7−→ (t 7−→ at)(t ∈ T ).
In the above case we call AT (or ATB) a tilting module of projective dimension ≤ r . This definition is left–right
symmetric.
Given a tilting module AT of projective dimension r , one may consider full subcategories
K Em(AT ) = {AM ∈ mod A|ExtiA(AT , AM) = 0 if 0 ≤ i ≤ r + m and i 6= m}
and
KTm(TB) = {NB ∈ mod B|TorBi (NB, TB) = 0 if 0 ≤ i ≤ m + r and i 6= m}
of mod A and mod B, respectively. Since mod A and mod B are abelian categories, they are exact. So the two
subcategories above are exact with the induced exact structure because they are additive and closed under extension.
Now, we recall some results about the tilting modules of projective dimension r for later use.
Theorem 2.2. Let AT B be a tilting module with pdim AT ≤ r . Let m be an integer with 0 ≤ m ≤ r . Then the
subcategories K Em(AT ) and KTm(TB) are equivalent under the functors Ext
m
A(AT ,−) and TorBm(TB,−), which are
mutually inverse to each other.
By G0(AA) we denote the Grothendieck group of mod A; it is a free abelian group with basis the set of
isomorphism classes of simple left A-modules, and therefore can be identified with some Zn . For any AX ∈ mod A,
we denote by dim AX the dimension vector of AX , and it is an element of G0(AA).
Theorem 2.3. Let AT B be a tilting module of projective dimension ≤ r . Then the map
ϕ : G0(AA) −→ G0(BB), dim AX 7−→
∑
i≥0
(−1)idim BExtiA(AT , AX)
is an isomorphism. The inverse is given by
φ : G0(BB) −→ G0(AA), dim BY 7−→
∑
i≥0
(−1)idim ATorBi (TB, BY ).
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Recall that the Euler characteristic of an algebra A of finite global dimension is defined to be the bilinear form 〈−,−〉A
on G0(AA) given by
〈dimM, dim N 〉A =
∑
s≥0
(−1)s dimExtsA(M, N )
for all A-modules M and N . The sum above is finite due to our hypothesis on A.
Now let us recall the basic definition of Ringel–Hall algebras. Let A be a finite dimensional k-algebra over a finite
field k, and let P be the set of isomorphism classes of finite dimensional A-modules. For any [M], [N ] and [L] ∈ P ,
let GLMN be the so-called Hall number defined as GLMN = |εLMN |/|Aut AM ||AutAN | (see [1]) where
εLMN := {( f, g) : 0 −→ N
f−→ L g−→ M −→ 0 is exact}.
As shown in [1], the (untwisted) Ringel–Hall algebra can be defined on any exact category, but here we define the
twisted Ringel–Hall algebra on our module category mod A.
Let q = |k|, υ = √q, and let Q(υ) be the rational function field of υ. Then the twisted Ringel–Hall algebraH(A)
is by definition the free Q(υ)-module with the basis {u[M]|[M] ∈ P} and the multiplication is given by
u[M] · u[N ] = υ〈dimM,dim N 〉A
∑
[X ]∈P
GXMNu[X ]
for all [M], [N ] ∈ P .
Let H(K Em(AT )) and H(KTm(TB)) be the Q(υ)-submodules of H(A) and H(B) with basis {u[M]|M ∈
K Em(AT )} and {u[N ]|N ∈ KTm(TB)}, respectively. Because the subcategories K Em(AT ) and KTm(TB) are closed
under extension,H(K Em(AT )) andH(KTm(TB)) are subalgebras.
3. Proof of Theorem 1
In order to prove Theorem 1, we need the following lemma.
Lemma 3.1. The map in Theorem 2.3 is an isometry of the Euler form.
Proof. It is known that the dimension vectors of all indecomposable projective A-modules constitute a basis of G0(A).
From condition (G)r we know that for any indecomposable projective A-module P(a), there is an exact sequence
0 −→ P(a) −→ T0 −→ T1 −→ · · · −→ Tr −→ 0
where Ti ∈ add(T ) for all i ∈ {0, 1, . . . , r}. This implies that the dimension vectors of all direct summands of AT
generate G0(A). Since the Euler form is bilinear, it is enough to prove the lemma for the direct summands of AT . Let
Ti and T j be two direct summands of AT . From condition (E)r , we know that
ExtiA(AT , Ti ) = 0 ExtiA(AT , T j ) = 0 (r = 1, . . . , r).
Thus,
〈ϕ(dim Ti ), ϕ(dim T j )〉B =
〈∑
k≥0
(−1)kdim BExtkA(T, Ti ),
∑
k≥0
(−1)kdim BExtkA(T, T j )
〉
B
= 〈dim BHomA(T, Ti ), dim BHomA(T, T j )〉B
=
∑
k≥0
(−1)k dimExtkB(HomA(T, Ti ),HomA(T, T j ))
=
∑
k≥0
(−1)k dimExtkA(Ti , T j ) (By Th 1.20 in [4])
= 〈dim Ti , dim T j 〉A. 
Now, we are ready to prove Theorem 1.
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Proof of Theorem 1. We define the map
σ : H(K Em(AT )) −→ H(KTm(TB))
by
u[M] 7−→ u[ExtmA (AT ,M)]
linearly. Since ExtmA(AT ,−) is an equivalence, it is clear that σ is well defined and is a bijection. Now we prove that
σ is also an algebra homomorphism. For this, first we note that the generalized tilting functor ExtmA(AT ,−) preserves
the Hall number GLMN for any M, N and L ∈ K Em(AT ), since it is an equivalence of exact categories.
Secondly, for any M ∈ K Em(AT ), we have
ϕ(dimM) = (−1)mdimExtmA(AT ,M).
So
〈dimExtmA(AT ,M), dimExtmA(AT , N )〉B
= 〈(−1)mdimExtmA(AT ,M), (−1)mdimExtmA(AT , N )〉B
= 〈ϕ(dimM), ϕ(dim N )〉B
= 〈dimM, dim N 〉A,
for any M, N ∈ K Em(AT ). Thus, for any M, N ∈ K Em(AT ), we have
σ(u[M] · u[N ]) = σ
(
υ〈dimM,dim N 〉A
∑
L
GLMNu[L]
)
= υ〈dimM,dim N 〉A
∑
L
GLMNσ(u[L])
= υ〈dimM,dim N 〉A
∑
L
GLMNu[ExtmA (AT ,L)]
= υ〈dimExtmA (AT ,M),dimExtmA (AT ,N )〉B
∑
ExtmA (AT ,L)
GExt
m
A (AT ,L)
ExtmA (AT ,M)Ext
m
A (AT ,N )
u[ExtmA (AT ,L)]
= u[ExtmA (AT ,M)] · u[ExtmA (AT ,N )]
= σ(u[M]) · σ(u[N ]). 
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